Introduction
This sketch introduces hexagonal global parameterization, a new type of periodic global parameterization that is ideal for tiling surfaces with patterns of six-fold rotational symmetries, i.e., 6-RoSy's [Palacios and Zhang 2007] . Being one of the two most fundamental rotational symmetries that are compatible with translational symmetries in the plane, 6-RoSy's appear in many places in nature, such as honeycombs, insect eyes, corals and crystals, as well as man-made objects such as Islamic patterns [Kaplan and Salesin 2004] and tri-axial weaving [Akleman et al. 2009 ]. Such symmetries can also provide optimal circle packing, which naturally have applications in architectural design [Schiftner et al. 2009] . A hexagonal global parameterization facilitates all of these applications. See Figure 1 for some examples. Furthermore, parameter lines in a hexagonal global parameterization intersect at an angle of π 3 , which enables triangular remeshing of a mesh surface with close to ideal aspect ratios in the triangles. The dual mesh of such a triangulation provides a hexagon-dominant tiling of the surface.
Past research in periodic global parameterization has focused on quadrangular global parameterization for the purpose of quad remeshing (see [Bommes et al. 2009 ] and references therein). In this work we introduce hexagonal global parameterization and demonstrate its importance with applications such as regular pattern generation on surfaces and triangular remeshing. Furthermore, we have identified a set of requirements for hexagonal global parameterization and developed an automatic, two-stage pipeline to generate such a parameterization given an input surface. To the best of our knowledge, this is the first technique that generates hexago- * matthias.nieser@fu-berlin. 
Methodology
Our parameterization pipeline consists of two steps: (1) automatically generating a 6-RoSy field, and (2) computing a hexagonal parameterization from the 6-RoSy field.
Field Generation: A 6-RoSy is a set of six vectors of equal length with an angle of π However, the singularities in the RoSy field can lead to the breakup of texture and geometry patterns in pattern design as well as cause excessive and misplaced extraordinary vertices in triangular remeshing. We address this issue by providing a singularity clustering operation. With this operation, all the singularities in the field are treated as the nodes of a graph whose edges reflect the spatial proximity between nearby singularities. We then iteratively perform edge collapses on this graph until the cost of further collapse exceeds a user specified threshold. The cost of an edge collapse operation is the geodesic distance between the singularities at the ends of the edge. During an edge collapse, the singularity pair is either cancelled if the sum of their singularity indexes [Palacios and Zhang 2007] is zero, or merged otherwise. This technique provides control over the number and location of the singularities.
For triangular remeshing, there is an additional requirement that in anisotropic regions the parameter lines be aligned with the principal
Figure 2: We compare the outputs of our method (b, d) to those of Alliez et al. [2002] (a, c) with a Foot model and Venus. Note the reduced number of extraordinary veritices in flat regions of the Foot, and increased feature alignment (around the nose and brow) on the Venus. The histograms show the occuring inner angles (on the x axis from 0 to 120 degrees).
curvature directions. However, there are three parameter lines and two principal directions at each point. Consequently, it is impossible to make use of both principal directions without incurring angular distortion. We note that this challenge is unique to 6-RoSy fields since with 4-RoSy fields both principal directions can be aligned with the parameter lines. Through our experiments, we have found that for feature-preservation in triangular remeshing, it is desirable to use the principal direction corresponding to the least absolute curvature. Given that principal directions are not well defined in spherical regions, we propagate the selected principal curvature directions from highly anisotropic regions to the rest of the surface through constrained optimization.
Parameterization: To compute a hexagonal global parameterization from a 6-RoSy field, we formulate an energy minimization problem in which the energy term is specific to hexagonal global parameterizations. Furthermore, unlike quadrangular global parameterizations where the branch points (corresponding to the singularities in the RoSy field) appear on the integer lattice in the parameter domain, in hexagonal parameterizations the branch points are situated on the set of Eisenstein integers, i.e., {
Z}. Once the energy term is formulated a number of techniques can be used to solve the energy minimization problem and constrain the singularities on the Eisenstein integers. We make use of a technique based on the concept of covering spaces from algebraic topology, which allows to represent the 6-RoSy field as a vector field in the covering space. This insight simplifies the theoretic notion since all standard methods from vector calculus can now be applied to 6-RoSy fields. The notion of covering spaces has been used in constructing a quadrangular global parameterization [Kälberer et al. 2007 ].
Results
In Figure 1 we show several patterns on surfaces using our technique.
In Figure 2 we demonstrate the benefits of applying geometry-aware hexagonal global parameterization to triangular remeshing. Notice that with our technique, the range of angles is smaller than methods based on Delaunay triangulations [Alliez et al. 2002] . Moreover, there are fewer extraordinary vertices, and they appear in more natural locations (the Foot). Finally, along ridges such as the nose of Venus, our method can better follow the ridge line than the Delaunay triangulation.
We refer the readers to the accompanying video and other supplementary materials for additional examples and technical details.
